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Abstract
Topological color codes are among the stabilizer codes with remarkable properties from quantum
information perspective. In this paper we construct a lattice, the so called ruby lattice, with
coordination number four governed by a 2-body Hamiltonian. In a particular regime of coupling
constants, in a strong coupling limit, degenerate perturbation theory implies that the low energy
spectrum of the model can be described by a many-body effective Hamiltonian, which encodes the
color code as its ground state subspace. Ground state subspace corresponds to vortex-free sector.
The gauge symmetry Z2 × Z2 of color code could already be realized by identifying three distinct
plaquette operators on the ruby lattice. All plaquette operators commute with each other and with
the Hamiltonian being integrals of motion. Plaquettes are extended to closed strings or string-net
structures. Non-contractible closed strings winding the space commute with Hamiltonian but not
always with each other. This gives rise to exact topological degeneracy of the model. Connection to
2-colexes can be established via the coloring of the strings. We discuss it at the non-perturbative
level. The particular structure of the 2-body Hamiltonian provides a fruitful interpretation in
terms of mapping to bosons coupled to effective spins. We show that high energy excitations of
the model have fermionic statistics. They form three families of high energy excitations each of
one color. Furthermore, we show that they belong to a particular family of topological charges.
The emergence of invisible charges related to the string-net structure of the model. The emerging
fermions are coupled to nontrivial gauge fields. We show that for particular 2-colexes, the fermions
can see the background fluxes in the ground state. Also, we use Jordan-Wigner transformation in
order to test the integrability of the model via introducing of Majorana fermions. The four-valent
structure of the lattice prevents the fermionized Hamiltonian to reduce to a quadratic form due
to interacting gauge fields. We also propose another construction for 2-body Hamiltonian based
on the connection between color codes and cluster states. The corresponding 2-body Hamiltonian
encodes cluster state defined on a bipartite lattice as its low energy spectrum, and subsequent
selective measurements give rise to the color code model. We discuss this latter approach along
the construction based on the ruby lattice.
PACS numbers: 03.65.Vf,75.10.Jm,71.10.Pm,05.30.Pr
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I. INTRODUCTION
Topological color codes (TCC) are a whole class of models that provide an instance of
an interdisciplinary subject between Quantum Information and the physics of Quantum
Many-Body Systems.
Topological color codes were introduced [1] as a class of topological quantum codes that
allow a direct implementation of the Clifford group of quantum gates suitable for entangle-
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ment distillation, teleportation and fault-tolerant quantum computation. They are defined
on certain types of 2D spatial lattices. They were extended to 3D lattices [2] in order to
achieve universal quantum computation with TCCs. This proposal of topological quantum
computation relies solely on the topological properties of the ground state sector of certain
lattice Hamiltonians, without resorting to braiding of quasiparticle excitations. In addition
to these applications in Quantum Information, topological color codes have also a natural
application in strongly correlated systems of condensed matter with topological orders. In
[3] was found that TCCs can be extended to arbitrary dimensions, giving rise to topological
orders in any dimension, not just 2D. This is accomplished through the notion of D-colexes,
which are a class of lattices with certain properties where quantum lattice Hamiltonians are
defined. This corresponds to a new class of exact models in D=3 and higher dimensions
that exhibit new mechanisms for topological order: i/ brane-net condensation; ii/ existence
of branyons; iii/ higher ground-state degeneracy than other codes; iv/ different topological
phases for D ≥ 4 etc. In what follows, we shall focus only on 2D lattices.
Physically, TCCs are exotic quantum states of matter with novel properties. They are
useful for implementing topological quantum computation, but they have also an intrinsic
interest by their own. Then, a natural question arises as to how to implement experimen-
tally these new quantum systems by means of light, atoms or some other means. This is a
challenge since TCCs are formulated in terms of Hamiltonians with many-body terms, the
simplest having 6-body interactions in a hexagonal lattice. But the most common interac-
tions in nature are typically 2-body interactions.
There are several approaches to trying to solve this challenge, depending on the type of
scenario we envision to be in practice and the practical rules we are supposed to be allowed
to have at our disposal.
Let us start first for what we may call a ’quantum control scenario’. By this we simply
mean that we are able to perform very controllable quantum operations on our system
that we have prepared artificially. In particular, we suppose that we can perform quantum
measurements on the qubits and having ancilla qubits at will. Under these circumstances, we
can resort to cluster states [4] and measurement-based quantum computation [5, 6]. This
is because TCCs can be described by a certain cluster state construction [7] within this
scenario. Then, it is possible to use a technique to obtain graph states as ground states of
2-body qubit Hamiltonians [8, 9]. We show this construction in A. However, this scenario
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is experimentally very demanding and it is left for the future when will it be achieved
completely. Therefore, it is convenient to seek other alternatives.
Thus, let us move onto a ’condensed matter scenario’. The terminology is intended just
to be illustrative, rather than precise. In fact, the scenario goes beyond condensed matter
and may well be a quantum simulation of our system by means of engineering a set of
photons, atoms or the like. The important difference now is that external measurements on
the system, or ancilla qubits, are not allowed in order to obtain the desired Hamiltonian for
the TCCs. We want to remain in a framework based on Hamiltonians with solely 2-body
interactions [10].
We have introduced a new quantum 2-body Hamiltonian on a 2D lattice with results
that follow the twofold motivation concerning topics in Quantum Information and Quantum
Many-Body Systems:
i/ to achieve scalable quantum computation [11–13];
ii/ to perform quantum simulations with light, atoms and similar available means [14–23].
This is so because, on one hand, the Hamiltonian system that we introduce is able to
reproduce the quantum computational properties of the topological color codes (TCC) [1–
3] at a non-pertubative level as explained in Sect.IV. This is an important step towards
obtaining topological protection against decoherence in the quest for scalability. On the
other hand, the fact that the interactions in the Hamiltonian appear as 2-body spin (or
qubit) terms makes it more suitable for its realization by means of a quantum simulation
based on available physical proposal with light and atoms.
In a framework of strongly correlated systems in Quantum Many-Body Systems, one of
the several reasons for being interested in the experimental implementation of this Hamil-
tonian system is because it exhibits exotic quantum phases of matter known as topological
orders, some of its distinctive features being the existence of anyons [24–26]. In our everyday
3D world, we only deal with fermions and bosons. Thus, exchanging twice a pair of particles
is a topologically trivial operation. In 2D this is no longer true, and particles with other
statistics are possible: anyons. When the difference is just a phase, the anyons are called
abelian. Anyons are a signature of topological order (TO) [27, 28], and there are others as
well:
• there is an energy gap between the ground state and the excitations;
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• topological degeneracy of the ground state subspace (GS);
• this degeneracy cannot be lifted by local perturbations;
• localized quasiparticles as excited states: anyons;
• edge states;
etc.
These features reflect the topological nature of the system. In addition, a signature of
the TO is the dependence of that degeneracy on topological invariants of the lattice where
the system is defined, like Betti numbers [3].
But where do we find topological orders? These quantum phases of matter are difficult
to find. If we are lucky, we may find them on existing physical systems such as the quantum
Hall effect. But we can also engineer suitable quantum Hamiltonian models, e.g., using polar
molecules on optical lattices [14, 15, 20], or by some other means. There are methods for
demonstrating topological order without resorting to interferometric techniques [29].
In this paper we present new results concerning the realization of 2-body Hamiltonians
using cluster states techniques on one hand, and without measurement-based computations
on the other. In this latter case, we present a detailed study of the set of integrals of motion
(IOM) in a 2-body Hamiltoinan, fermionic mappings of the original spin Hamiltonian that
give information about the physics of the system and which complements previous results
using bosonic mapping techniques [10].
This paper is organized as follows: in Sect. II we present color codes as instances of
topological stabilizer codes with Hamiltonians based on many-body interacting terms and
then introduce the quantum Hamiltonian model based solely on 2-body interactions between
spin-1
2
particles. The lattice is two-dimensional and has coordination number 4, instead of
the usual 3 for the Kitaev model. It is shown in Fig. 3 and it is called ruby lattice. In Sect.
III, we describe the structure of the set of exact integrals of motion (IOM) of the 2-Body
model. We give a set of diagrammatic local rules that are the building blocks to construct
arbitrary IOMs. These include colored strings and string-nets constant of motion, which is a
distinctive feature with respect to the Kitaev’s model. In Sect. IV, we establish a connection
between the original topological color code and the new 2-Body color model. This is done
firstly at a non-perturbative level using the colored string integrals of motion that are related
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with the corresponding strings in the TCC. Then, using degenerate perturbation theory in
the Green function formalism, it is possible to describe a gapped phase of the 2-Body color
model that corresponds precisely to the topological color code. In Sect. V, we introduce
a mapping from the original spin-1
2
degrees of freedom onto bosonic degrees of freedom in
the form of hard-core bosons which also carry a pseudospin. This provides an alternative
way to perform perturbation theory and obtain the gapped phase corresponding to the
TCC. It also provides a nice description of low energy properties of the 2-Body model and
its quasiparticles. In Sect. VI, we introduce another mapping based on spinless fermions
which is helpful to understand the structure of the 2-Body Hamiltonian and the presence
of interacting terms which are related to the existence of stringnets constants of motion.
Sect. VII is devoted to conclusions and future prospects. A describes how to obtain 2-Body
Hamiltonians for topological color codes based on cluster states and measurements using
ancilla qubits.
II. QUANTUM LATTICE HAMILTONIANWITH TWO-BODY INTERACTIONS
A. Color Codes as Topological Stabilizers
Some of the simplest quantum Hamiltonian models with topological order can be obtained
from a formalism based on the local stabilizer codes borrowed from quantum error correction
[30] in quantum information [31, 32]. These are spin-1
2
local models of the form
H = −
∑
i
Si, Si ∈ Pn := 〈i, σ
x
1 , σ
z
1, . . . , σ
x
n, σ
z
n〉. (1)
where the stabilizer operators Si constitute an abelian subgroup of the Pauli group Pn of n
qubits, generated by the Pauli matrices not containing −1. The ground state is a stabilizer
code since it satisfies the condition
Si|GS〉 = |GS〉, ∀i, (2)
and the excited states ofH are gapped, and correspond to error syndromes from the quantum
information perspective
Si|Ψ〉 = −|Ψ〉. (3)
The seminal example of topological stabilizer codes is the toric code [33]. There are
basically two types of known topological stabilizer codes [13]. It is possible to study this type
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of homological error correcting codes in many different situations and perform comparative
studies [34–42]. Topological color code (TCC) is the another relevant example of topological
stabilizer codes, with enhanced computational capabilities [1–3]. In particular, they allow
the transversal implementation of Clifford quantum operations. The simplest lattice to
construct them is a honeycomb lattice Λ shown in Fig.1, where we place a spin-1
2
system at
each vertex. There are two stabilizer operators per plaquette:
Bxf = τ
x
1 τ
x
2 τ
x
3 τ
x
4 τ
x
5 τ
x
6 ,
Byf = τ
y
1 τ
y
2 τ
y
3 τ
y
4 τ
y
5 τ
y
6 ,
(4)
Hcc = −
∑
f
(Bxf +B
y
f ), (5)
where τ ν ’s (ν = x, y) are usual Pauli operators. There exist six kinds of basic excitations.
FIG. 1: The hexagonal lattice is an example of 3-colorable lattice by faces, and also by edges. A
topological color code can be defined on it by associating two stabilizer operators for each plaquette
(4).
To label them, we first label the plaquettes with three colors: Notice that the lattice is
3-valent and has 3-colorable plaquettes. We call such lattices 2-colexes [3]. One can define
color codes in any 2-colex embedded in an arbitrary surface. There exists a total of 15
nontrivial topological charges as follows. The excitation at a plaquette arises because of the
violation of the stabilizer condition as in (3). Consider a rotation τ y applied to a certain
qubit. Since τ y anticommutes with plaquette operators Bxf of neighboring plaquettes, it will
put an excitation at corresponding plaquette. Similarly, if we perform a τx rotation on a
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qubit, the plaquette operators Byf are violated. These are the basic excitations, two types
of excitations per each colored plaquette. Regarding the color and type of basic excitations,
different emerging excitations can be combined. The whole spectrum of excitations is shown
in Fig.2(a). Every single excitation is boson by itself as well as the combination of two basic
excitations with the same color. They form nine bosons. However, excitations of different
color and type have semionic mutual statistics as in Fig.2(b). The excitations of different
color and type can also be combined. They form two families of fermions. Each family
of fermions is closed under fusion, and fermions from different families have trivial mutual
statistics. This latter property is very promising and will be the source of invisible charges
as we will discuss in Sect.V. The anyonic charge sectors are in one to one correspondence
with the irreducible representations (irreps) of the underlying gauge group, and the fusion
corresponds to decomposition of the tensor product of irreps.
FIG. 2: (a) Classification of excitations for the topological color code model (5), nine bosons and
two families of fermions (b) The nontrivial phase arising from the braiding of different charges.
We describe all above excitations in terms of representation of the gauge group of the
TCC. Before that, let us make a convention for colors which will be useful for subsequent
discussions. We refer to colors by a bar operation c¯ that transform colors cyclically as r¯ = g,
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g¯ = b and b¯ = r. The elements of the gauge group Z2 × Z2 are {e, r, b, g}. Each excitation
carries a topological charge. The corresponding topological charge can be labeled by the pair
(q, χ), where q ∈ Z2×Z2 and χ an irrep of this group [10]. We label them as χe(c) = χc(c) =
−χc(c¯) = 1. Therefore, there are nine bosons labeled by (c, χe), (e, χc) and (c, χc) and six
fermions (c, χc¯) and (c, χc¯). Taking into account the vacuum with trivial charge (e, χe), color
code has sixteen topological charges or superselection sectors. Regarding the fusion process,
fusion of two charges (q, χc) and (q
′, χc′) give rises to (qq
′, χcχc′) charge. Additionally,
the braiding of charge (q, χc) around charge (q
′, χc′) produces the phase χc(q
′)χc′(q). An
excitation at a c-plaquette has (c, χe) charge if −B
x = By = 1, (e, χc) charge if B
x = −By =
1 and (c, χc) charge if B
x = By = −1.
It is also possible to use both types of topological stabilizer codes, either toric codes or
color codes, to go beyond homological operations. This corresponds to performing certain
types of operations called code deformations, which may alter the topology of the surface
allowing an extension of the computational capabilities of these 2D codes [43–47].
Active error correction procedures are particularly interesting in the case of topological
stabilizer codes. They give rise to connections with random statistical mechanical models
like the random bond Ising model for the toric code [47] and new random 3-body Ising models
for color codes [48]. The whole phase diagram p − T has been mapped out using Monte
Carlo, which in particular gives the value of the error threshold pc. This particular point
can also be addressed using multicritical methods[49]. There is experimental realization
of topological error correction [50]. Without external active error correction, the effect of
thermal noise is the most challenging problem in toric codes [51–56]. Finite temperature
effects of topological order in color codes has also been studied [57].
In all, the type of entanglement exhibited by topological color codes is very remarkable
[58–64]. A very illustrative way to see this is using the connection of the ground state of
topological codes with standard statistical models by means of projective measurements
[7, 65–71]. For TCCs, this mapping yields the partition function of a 3-body classical
Ising model on triangular lattices [7]. This 3-body model is the same found in active er-
ror correcting techniques [48], but without randomness since there is no noise produced by
external errors. This type of statistical mapping allows us to test that different computa-
tional capabilities of color codes correspond to qualitatively different universality classes of
their associated classical spin models. Furthermore, generalizing these statistical mechan-
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ical models for arbitrary inhomogeneous and complex couplings, it is possible to study a
measurement-based quantum computation with a color code state and we find that their
classical simulatability remains an open problem. This is in sharp contrast with toric codes
which are classically simulable within this type of scheme [66].
B. The Model
In nature, we find that interactions are usually 2-body interactions. This is because
interactions between particles are mediated by exchange bosons that carry the interactions
(electromagnetic, phononic, etc.) between two particles.
The problem that arises is that for topological models, like the toric codes and color codes,
their Hamiltonians have many-body terms (5). This could only achieved by finding some
exotic quantum phase of nature, like FQHE, or by artificially enginering them somehow.
Here, we shall follow another route: try to find a 2-body Hamiltonian on a certain 2D
lattice such that it exhibits the type of topological order found in toric codes and color
codes. In this way, their physical implementation looks more accessible.
In fact, Kitaev [72] introduced a 2-body model in the honeycomb lattice that gives rise
to an effective toric code model in one of its phases. It is a 2-body spin-1
2
model in a
honeycomb lattice with one spin per vertex, and simulations based on optical lattices have
been proposed [17].
The model features plaquette and strings constants of motion. Furthermore, it is exactly
solvable, a property that is related to the 3-valency of the lattice where it is defined [72–78].
It shows emerging free fermions in the honeycomb lattice. If a magnetic field is added,
it contains a non-abelian topological phase (although not enough for universal quantum
computation). Interestingly enough, another regime of the model gives rise to a 4-body
model, which is precisely an effective toric code model. A natural question arises: Can we
get something similar for color codes? We give a positive answer in what follows.
Motivated by these physical considerations related to a typical scenario in quantum many-
body physics, either condensed matter, AMO physics or the like, we will seek a quantum
spin Hamiltonian with the following properties:
i/ One of its phases must be the TCC.
ii/ To have two sets of plaquette operators generating a Z2×Z2 local, i.e. gauge, symmetry.
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iii/ To have string-nets and colored strings IOM as in the TCC, but in all coupling regimes.
Thus, the reasons behind demanding these properties are to guarantee that the sought
after model will host the TCC. For instance, property i/ means that we must be able to
generate the 2D color code Hamiltonian consistently at some lowest order in perturbation
theory (PT). This we shall see in Sect.IVB. Likewise, properties ii/ and iii/ are demanded
in order to have the fundamental signatures regarding gauge symmetry and constants of
motions associated with TCCs. Notice that we have not demanded that the model be
exactly solvable. This is a mathematical requisite, rather than physical. We leave the door
open for considering larger classes of models beyond exactly solvable models, which may
be very interesting and contain new physics. For example, according to those properties, it
would be possible to have models with a number of IOMs that scales linearly with N , the
number of spins or qubits. Thus, the Kitaev model has a number of IOMs of 1
2
N .
Our purpose is to present first the 2-body quantum Hamiltonian in 2D [10], and then to
analyze diverse possible mappings in later sections, like using bosonic and fermionic degrees
of freedom. The analysis of the set of IOMs will play also a crucial role in the understanding
of our model as we shall see in Sect.III
It is a 2-body spin-1/2 model in a ’ruby’ lattice as shown in Fig.3. We place one spin per
vertex. Links come in 3 colors, each color representing a different interaction.
H = −
∑
〈i,j〉
Jwσ
w
i σ
w
j , w =


x, red links
y, green links
z, blue links
(6)
For a suitable coupling regime, this model gives rise to an effective color code model.
Furthermore, it exhibits new features, many of them not present in honeycomb-like models:
• Exact topological degeneracy in all coupling regimes (4g for genus g surfaces).
• String-net integrals of motion.
• Emergence of 3 families of strongly interacting fermions with semionic mutual statis-
tics.
• Z2×Z2 gauge symmetry. Each family of fermions sees a different Z2 gauge subgroup.
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FIG. 3: A lattice with coordination number 4 where the 2-body quantum lattice Hamiltonian for
the color codes is defined according to spin-spin interactions coded by the colors of the links, as in
(6). A plaquette can be distinguished by an inner hexagon, an outer hexagon and six blue triangles
between them.
III. STRING OPERATORS AND INTEGRALS OF MOTION
We can construct integrals of motion (IOM), I ∈ Pn, [Hcc, I] = 0, following a pattern of
rules assigned to the vertices of the lattice, as shown in Fig.4. These rules are constructed
to attach a Pauli operator of type σxi , σ
y
i or σ
z
i to each of the vertices i. The lines around the
vertices, either wavy lines or direct lines, are pictured in order to join them along paths of
vertices in the lattice that will ultimately translate into products of Pauli operators, which
will become IOMs. Clearly, σzi operators are distinguished from the rest. The contribution
of each qubit in the string operator is determined in terms of how it appears in the string.
Its contribution may be determined by the outgoing red and green links which have the
qubit as their end point in the string. In this case the σx or σy Pauli operators contribute
in the string IOM . If a typical qubit crossed only by a wavy line as shown in Fig.4(a), it
contributes a σz Pauli operator in the string. To have a clear picture of string operators, a
typical example has also been shown in Fig.4(b). Part of string is shown on the left and its
expression will be the product of Pauli operators which have been inserted in open circles
on the right. With such definitions for string operators and their supports on the lattice,
now we turn on to analyze the relevance of strings to the model. In particular, we will
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construct elementary string operators with the local symmetry of the model. Therefore, in
this way we are representing the local structure of the IOMs of our 2-body Hamiltonian
(5). We will illustrate them with several examples of increasing complexity. The ground
FIG. 4: (a) A diagrammatic representation of the local structure of the integrals of motion of
the 2-body Hamiltonian (6). The colored links represent different spin-spin interactions. (b) An
example of contribution of Pauli operators in a string.
state of a lattice model described by the Hamiltonian (5) is a superposition of all closed
colored strings. Indeed, it is invariant under any deformations of colored strings as well as
splitting of a colored string into other colors. In other words, the ground state is a string-net
condensed state and supports topological order. The gauge group related to this topological
order is Z2 × Z2. Such symmetry of topological color code can be realized via defining a
set of closed string operators on the ruby lattice. We shall verify the gauge symmetry by
identifying a set of string operators on the lattice of Fig.3.
Let us start by constructing the elementary string IOM as shown in Fig.5. They are
denoted as I = A,B,C. They are closed since they have not endpoints left. The elementary
closed strings are plaquettes. By a plaquette we mean an inner hexagon and an outer hexagon
with six triangles in between. For a given plaquette it is possible to attach three string
operators. For each closed string, the contribution of Pauli operators are determined based
on outgoing red and green links or wavy lines as in Fig.4. Let Vf stand for a set of qubits
on a plaquette. Note that each plaquette contains 18 qubits corresponding to six triangles
around it. For first plaquette operator in Fig.5 we can write its explicit expression in terms
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of Pauli matrices as SAf =
∏
i∈Vf
σνi , where f denotes the plaquette and ν = x, y, depending
on outgoing red or green links, respectively. Similarly the second plaquette operator has an
expression as SBf =
∏
i∈Vf
σνi . The third string is only a closed wavy string which coincides to
the inner hexagon of the plaquette. It’s expression is SCf =
∏
i∈Vh
σzi , where Vh stands for six
qubits on the inner hexagon. The three closed strings described above are not independent.
Using the Pauli algebra, it is immediate to check that they satisfy SCf = −S
A
f S
B
f . Thus,
there exist 2 independent IOMs per plaquette: this is the Z2 × Z2 local symmetry of the
model Hamiltonian (6).
FIG. 5: Schematic drawing of the plaquette IOMs according to the local rules in Fig.4. There are 3
IOMs denoted as A,B,C, but only 2 of them are independent. This corresponds to the symmetry
Z2 × Z2 of the model.
Plaquette operators commute with each other and with any other IOM. If a IOM corre-
sponds to a nontrivial cycle c, it is possible to find another IOM that anticommutes with
it, namely one that corresponds to a cycle that crosses once c′ . Thus, IOMs obtained from
nontrivial cycles are not products of plaquette operators.
Each string operator squares identity since we are working with qubits. Plaquette oper-
ators corresponding to different plaquettes commute with each other and also with terms in
Hamiltonian in (6) since they share in zero or even number of qubits. Therefore, the closed
strings with the underlying symmetry obtained above define a set of integrals of motion.
The number of integrals of motions is exponentially increasing. Let 3N be the total number
of qubits, so the number of plaquettes will be N
2
. Regarding to the gauge symmetry of
the model, the number of independent plaquette operators is N . This implies that there
are 2N integrals of motion and allow us to divide the Hilbert space into 2N sectors being
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eigenspaces of plaquette operators. However, for closed manifold, for example a torus, all
plaquette operators can not be independently set to +1 or −1 because they are subject to
some constraint. All other closed string operators that are homologous to zero, i.e. they are
homotopic to the boundary of a plaquette, are just the product of these elementary plaque-
tte operators. It is natural that all of them are topologically equivalent up to a deformation
and commute with the Hamiltonian of the model.
FIG. 6: An example of a stringnet IOM. Notice the presence of branching points located around
blue triangles of the lattice. This is a remarkable difference with respect to honeycomb models like
the Kitaev model.
The most general configuration that we may have is shown in Fig.6. We call them string-
nets IOM since in the context of our model, they can be thought of as the string-nets
introduced to characterize topological orders [79]. The key feature of these IOMs is the
presence of branching points located at the blue triangles of the lattice. This is remarkable
and it is absent in honeycomb 2-body models like the Kitaev model. When the string-
nets IOM are defined on a simply connected piece of lattice they are products of plaquette
operators. More generally, they can be topologically non-trivial and independent of plaquette
operators.
As a special case of IOMs we have string configurations, i.e., paths without branching
points. They correspond to the different homology classes of the manifold where the lattice
is embedded , and are needed for characterization of the ground state manifold. Some
examples are shown in Fig.7. They may be open or closed, depending on whether they
have endpoints or not, respectively. Strings IOM are easier to analyze. String-nets IOM are
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products of strings IOM. For a given path, there exist 3 different strings IOM. These are
denoted as A,B,C in Fig.7. We must introduce generators for the homology classes defining
FIG. 7: Examples of standard string configurations of IOMs, i.e., without branching points. For
each path, we can in principle make 3 different assignments of IOMs, but again only 2 of them are
independent as with plaquette IOMs. This is another manifestation of the Z2 × Z2 symmetry of
the model.
closed manifold. Homology classes of the torus are determined by realizing two nontrivial
loops winding around the torus. In the Kitaev’s model there are only two independent such
nontrivial closed loops. However, the specific construction of the lattice and contribution of
the color make it possible to define for each homology class of the torus two independent
nontrivial loops. These closed strings are no longer combination of plaquettes defined above.
Let SAµ stand for such string, where A and µ denote the type and homology class of the
string. For each homology class of the manifold we can realize three different types of string
operators depending on how the vertices of the lattice are crossed by the underlying string.
Each qubit crossed by the string contributes a Pauli operator according to the rules in Fig.4.
Again, using Pauli algebra we can see that only two of them are independent, as with the
plaquette IOMs.
(−1)
t
2SAµ S
B
µ S
C
µ = 1, (7)
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where t is the number of triangles on the string. To distinguish properly the three types we
have to color the lattice. We could already use the colors to label strings. Strings are then
red, green or blue. This is closely related to the topological color code [1, 10]. The latter
relation shows that each string can be constructed of two other homologous ones, which is
exactly the expression of the Z2 × Z2 gauge symmetry. Each non-contractible closed string
operator of any homology commutes with all plaquette operators and with terms appearing
in the Hamiltonian, so they are constant of motions. But, they don’t always commute with
each other. In fact, if the strings cross once then
[
Srµ, S
r
ν
]
= 0, (8)
but {
Srµ, S
r′
ν
}
= 0. (9)
This latter anticommutation relation is a source of exact topological degeneracy [80] of the
model independent of phase we are analyzing it.
IV. A GAPPED PHASE: THE TOPOLOGICAL COLOR CODE
A. Non-Perturbative Picture
In this subsection we discuss the ruby lattice is connected to the 2-colex even at the
non-perturbative level. Then, in the subsequent sections we verify it using quantitative
methods. From the previous discussion on IOMs, we have already seen a connection with
the topological color codes. Now, we want to see how different strings introduced above are
related to coloring of the lattice. To this end, consider the closed strings A,B,C in Fig.5.
The closed strings A and B can be visualized as a set of red and green links, respectively.
With such visualization, we put forward the next step to color the inner hexagons of the
ruby lattice: a colored link, say red, connect the red inner hexagons. Accordingly, other
inner hexagons and links can be colored, and eventually we are left with a colored lattice.
The emergence of the topological color code is beautifully pictured in Fig.8. Geometrically,
it corresponds to shrinking the blue triangles of the original lattice into points, which will
be referred as sites of a new emerging lattice, see Fig.8 (left). Thus, we realize that the
inner hexagons and vertices of the model are colorable, see Fig.8 (middle): if we regard blue
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FIG. 8: (color online) The three stages showing the emergence of the topological color code: (left)
the original lattice for the 2-body Hamiltonian (6). The colors in the links denote the type of spin-
spin interactions; (middle) a different coloring of the lattice is introduced based on the property
that the hexagons are 3-colorable, as well as the vertices; (right) the hexagonal lattice obtained
by shrinking to a point the blue triangles of the original lattice, which become sites in the final
hexagonal lattice. This corresponds to the strong coupling limit in (15).
triangles as the sites of a new lattice, we get a honeycomb lattice, see Fig.8 (right). In fact,
the model could be defined for any other 2-colex, not necessarily a hexagonal lattice.
Connection to the 2-colexes can be further explored by seeing how strings on the ruby
lattice correspond to the colored strings on the effective honeycomb lattice. To this end,
consider a typical string-net on the ruby lattice as shown in Fig.9(a). This corresponds to a
non-perturbative picture of the IOMs of the model. The fat parts of the string-net connect
two inner hexagons with the same color. In this way, the corresponding string-net on the
effective lattice can be colored as in Fig.9(b). The color of each part of the string-net on
the effective honeycomb lattice is determined by seeing which colored inner hexagons on the
ruby lattice it connects. Three colored strings cross each other at a branching point, and its
expression in terms of Pauli matrices of sites are given by product of Pauli operators written
adjacent to the sites. How they are determined, will be clear soon.
It is possible to use colors to label the closed strings on the honeycomb lattice. Before
that, let us use a notation for Pauli operators acting on effective spins of honeycomb lattice
τα, where α = x, y, z. We indicate the labels α as c|c := z, c¯|c := x, c¯|c := y, where we are
using a bar operator. To each c-plaquette, we attach three operators each of one color. Let
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Bc
′
f denotes such operators, where low and up indices stand for c-plaquette f and color of
the closed string attached to the plaquette, respectively. With these notations, the plaquette
operators read as follows:
Bc
′
f =
∏
v∈f
τ c
′|c
v , (10)
where the product runs over all vertices of the c-plaquette f in the honeycomb lattice in
Fig.8(c). Thus, we can write the explicit expression of operators as follows:
Bxf = B
c¯
f =
∏
v∈f
τ c¯|cv
Byf = B
c¯
f =
∏
v∈f
τ c¯|cv
Bzf = −B
c
f = −
∏
v∈f
τ c|cv . (11)
All these plaquette operators are constant of motions. Again, We can realize the gauge
symmetry Z2 ×Z2 through the relation B
x
fB
y
fB
z
f = 1. On a compact manifold, for example
on the torus, all plaquettes are not independent. They are subject to the following constraint:
∏
f∈Λ
Bcf = (−1)
N/2, (12)
where the product runs over all plaquettes f in the lattice Λ, and N is the total number of
plaquettes.
We can also realize noncontractible strings on the effective lattice which are rooted in
the topological degeneracy of the model. They are just the IOMs in Fig.7 when reduced on
the effective honeycomb lattice. Once the inner hexagons of ruby lattice are colored, they
correspond to colored strings as in Fig.9. Let Scµ stands for such string, where indices µ and
c denote the homology and color of the string, respectively. This string operator is tensor
product of Pauli operators of qubits lying on the string. Namely, the string operator is
Scµ =
∏
v
τ c
′|c
v . (13)
The contribution of each qubit is determined by the color of the hexagon that the string
turns on it, see Fig.10. For example in the string S1 shown in Fig.10, the color of the
plaquettes appearing in (13) marked by light circles. With this definition for string operators,
the contribution of Pauli operators in the string-net on the effective lattice in Fig.9(b) are
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FIG. 9: (color online) An illustraion of correspondence between (a) strings on the ruby lattice,
corresponding to a non-perturbative picture, and (b)colored strings on the effective honeycomb
lattice.
reasonable. Non-contractible colored strings are closely related to the topological degeneracy
of the model, since they commute with color code Hamiltonian(5) being integrals of motion,
but not always with each other. In fact, two strings differing in both homology and color
anticommute, otherwise they commute. For example let us consider two non-contractible
closed strings S1 and S2 corresponding to different homologies of the torus. As shown in
Fig.10, they share two qubits. First, suppose both strings are of blue type. The contribution
of Pauli operators of these two qubits in string S1 is τ
y
1 τ
x
2 , while for string S2 the contribution
is τx1 τ
y
2 implying [S
b
1, S
b
2] = 0. Then, let S2 be a green string. In this case the contribution
of qubits will be τ y1 τ
z
2 , which explicitly shows that {S
b
1, S
g
2} = 0. The interplay in (7) can be
translated into an interplay between color and homology as follows.
(−1)
s
2ScµS
c¯
µS
c¯
µ = 1, (14)
where s is the number of sites on the string. This interplay makes the ground state subspace
of the color code model be a string-net condensed phase.
B. Degenerate Perturbation Theory: Green Function Formalism
In this subsection we put the above correspondence between original 2-body lattice Hamil-
tonian and color code model on a quantitative level. In fact, there is a regime of coupling
constants in which one of the phases of the 2-body Hamiltonian reproduces the TCC many-
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FIG. 10: (color online) A piece of effective lattice. The strings S1 and S2 correspond to different
homology classes of the manifold. Their expression in terms of Pauli operators are given by their
associated color and the fact that how they turn on plaquettes on the lattice.
body structure and physics. In particular, we show that this corresponds to the following
set of couplings in the original 2-body Hamiltonian
Jx, Jy, Jz > 0, Jx, Jy ≪ Jz, (15)
that is, a strong coupling limit in Jz. The topological color code effectively emerges in
this coupling regime. This can be seen using degenerate perturbation theory in the Green
function formalism. Let H = H0 + V be a Hamiltonian describing a physical system with
two-body interaction, and we regard the ‖V ‖, the norm of V , be very small in comparison
with the spectral gap of unperturbed H0. We also suppose that H0 has a degenerate ground-
subspace which is separated from the excited states by a gap ∆. The effect of V will be
to break the ground state degeneracy in some order of perturbation. Now the interesting
question is whether it is possible to construct an effective Hamiltonian, Heff , which describes
the low energy properties of the perturbed Hamiltonian H . The effective Hamiltonian
arises at orders of perturbation that break the ground state degeneracy. From the quantum
information perspective the Hamiltonian H acts on the physical qubits while the effective
Hamiltonian acts on the logical qubits projected down from the physical qubits.
We will clarify that how many-body Hamiltonian in (5) will present an effective descrip-
tion of low lying states of the 2-body Hamiltonian (6). We use the perturbation about the
Hamiltonian in (6) considering the coupling regim (15). Here, the qubits on the triangles are
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physical qubits, and logical qubits are those living at the vertices of the 2-colex. We refer to
triangles as sites, since they correspond to the vertices of the 2-colex. Thus a triangle will
be shown by index v and its vertices by Latin indices i, j. In fact the low lying spectrum of
2-body Hamiltonian encodes the following projection from the physical qubits to the logical
ones at each site:
Pv = |⇑〉〈↑↑↑|+ |⇓〉〈↓↓↓|, (16)
where | ⇑〉 and | ⇓〉 stands for the two states of the logical qubit at site v, and | ↑〉 (| ↓〉) is
usual up (down) states of a single spin in computational bases.
To this end, we split the 2-body Hamiltonian into two parts. The unperturbed part is
H0 = −Jz
∑
b−link σ
z
i σ
z
j . In the limit of strong Ising interaction the system is polarized. The
interactions between neighboring qubits on different triangles are included in V . They are
σxi σ
x
j and σ
y
i σ
y
j corresponding to red and green links in Fig.3, respectively. So, the transverse
part of the Hamiltonian is
V = −Jx
∑
r−link
σxi σ
x
j − Jy
∑
g−link
σyi σ
y
j . (17)
In the case when Jz ≫ Jx, Jy the low lying excitations above the fully polarized state can
be treated perturbatively.
The unperturbed part of the Hamiltonian, H0, has a highly degenerate ground space
because, for each triangle, two fully polarized states |↑↑↑〉 and |↓↓↓〉 have same energy. The
ground state subspace is spanned by all configurations of such polarized states. Let N be
the number of triangles of the lattice. The ground state energy is E
(0)
0 = −3NJz and the
dimension of the ground space of the H0 or ground state degeneracy reads g0 = 2
N . The first
excited state is produced by exciting one of triangles and has energy E
(0)
1 = (−3N + 4)Jz
with degeneracy g1 = 6N2
N−1. The second excited state has energy E
(0)
1 = (−3N + 8)Jz
with degeneracy g2 = 18N(N − 1)2
N−2, and so on and so forth.
We analyze the effect of V on the ground state manifold by using the degenerate pertur-
bation theory[81] in couplings Jx and Jy. We are interested in how ground state degeneracy
is lifted by including the interaction between triangles perturbatively. Let L stand for the
ground state manifold with energy E
(0)
0 and let P be the projection onto the ground state
manifold L. The projection is obtained from the degenerate ground states as follows:
P =
∏
v∈Λ
Pv , Pv = |⇑〉〈↑↑↑|+ |⇓〉〈↓↓↓|. (18)
23
Using the projection and Green’s function we can calculate the effective Hamiltonian at any
order of Perturbation theory. The eigenvalues of the effective Hamiltonian Heff appear as
the poles of the Green function G(E) = P [1/(E −H)]P . The effect of perturbation can be
recast into the self-energy Σ(E) by expressing the Green’s function as 1/(E−E
(0)
0 −Σ(E)).
So, the effective Hamiltonian will be
Heff =
∞∑
l=0
H
(l)
eff = E
(0)
0 + Σ(E). (19)
The self-energy can be represented in terms of Feynman diagrams and can be computed for
any order of perturbation:
Σ(E) = PV
∞∑
n=0
UnP, (20)
where U = [1/(E − H0)](1 − P )V . The energy E can also be expanded at different orders
of perturbation, E = E
(0)
0 +
∑∞
l=1E
(l)
0 . Now, we are at the position to determine different
orders of perturbation. Each term of V acts on two neighboring physical qubits of different
triangles. At a given order of perturbation theory, there are terms which are product of
σx and σy acting on the ground state subspace. Each term when acts on the ground state
manifold brings the ground state into an excited state. However, there may be a specific
product of the σx and σy which takes the ground state into itself, i.e. preserve the polarized
configurations of triangles.
At zeroth-order the effective Hamiltonian will be trivial H
(0)
eff = E
(0)
0 . The first-order
correction is given by the operator
H
(1)
eff = PV P. (21)
The effect of V is to move the states out of the ground state manifold because each term either
σxσx or σyσy flip two qubits giving rise to two triangles being excited, i.e V P = P2V P , where
the operator P2 is the projection to second excited state manifold. Therefore, PV P = 0,
and there is no first-order correction to the ground state energy.
The second-order correction to the ground state will be the eigenvalues of the following
operator.
H
(2)
eff = PV G
′(E
(0)
0 )V P + PV P, (22)
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where the operator G′(E) = 1/(E−H0) is the unperturbed Green’s function and the super-
script prime stands for the fact that its value be zero when acts on the ground state. The
second-order correction only shifts the ground state energy, and therefore, the second-order
effective Hamiltonian acts trivially on ground state manifold,
H
(2)
eff = 3N
J2x + J
2
y
−8Jz
P. (23)
In fact the first V flips the qubits and the second V flips them back. As we go to higher
order of perturbation theory the terms become more and more complicated. However, if
the first-order is zero as in our case, the terms becomes simpler. Thus, the third-order of
perturbation will be zero and will leave corrections to energy and ground state intact:
H
(3)
eff = PV
(
G′(E
(0)
0 )V
)2
P = 0. (24)
The forth-order of perturbation theory contributes the following expression to the correction
of ground state manifold:
H
(4)
eff = PV
(
G′(E
(0)
0 )V
)3
P −E
(2)
0 PV
(
G′(E
(0)
0 )
)2
V P,
(25)
where E
(2)
0 is the second order correction to the ground state energy obtained in (23). The
first term includes four V and must act in the ground state in which the last V returns
the state to the ground state manifold. The second term is like the second-order. There
are many terms which must be calculated. However, since the forth-order only gives a
shift to the ground state energy, we don’t need them explicitly. So, we can skip the forth-
order. Fifth-order correction yields terms each containing odd number of V , so it gives zero
contribution to the effective Hamiltonian.
The sixth-order of perturbation leads to the following long expression.
H
(6)
eff = PV
(
G′(E
(0)
0 )V
)5
P − E
(4)
0 PV
(
G′(E
(0)
0 )
)2
V P
+
(
E
(2)
0
)2
PV
(
G′(E
(0)
0 )
)3
V P
−E
(2)
0 PV
(
G′(E
(0)
0 )
)2
V
(
G′(E
(0)
0 )V
)2
P
−E
(2)
0 PV G
′(E
(0)
0 )V
(
G′(E
(0)
0 )
)2
V G′(E
(0)
0 )V P
−E
(2)
0 PV
(
G′(E
(0)
0 )V
)2 (
G′(E
(0)
0 )
)2
V P. (26)
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Apart from the first term, other terms contain two or four V and as we discussed in the
preceding paragraphs they only contribute a shift in the ground state energy. However, the
first term gives the first non-trivial term breaking in part the ground state degeneracy. In
the sixth order correction, there are some terms which are the product of σxσx and σyσy
associated to the red and green links of the ruby lattice. Some particular terms, as seen
below, may map ground state subspace into itself. For instance, consider the following
product of links around an inner hexagon
∏
<i,j>
σwi σ
w
j = ±
∏
i∈Vh
σzi , (27)
where the first product runs over three red and three green links making an inner hexagon,
Vh stands for the set of its vertices and the prefactor ± depends on the ordering of links in
the product. The action of a σz on one vertex (qubit) of a triangle encodes an logical τ zv
operator acting on the associated vertex of lattice Λ. This can explicitly be seen from the
following relation:
τ zv = Pvσ
zPv = |⇑〉〈⇑| − |⇓〉〈⇓|, (28)
where σz acts on one of the vertices of a triangle and Pv is the projection defined in (16).
Thus, the expression of (27) can be related to the plaquette operator Bzf = −
∏
τ zv , where
the index f denotes a plaquette of effective lattice Λ as in Fig.1 and product runs over six
sites around it. Now we go on to pick up the sixth-order correction to the ground state
manifold. There are many terms which must be summed. Sixth-order correction up to a
numerical constant contributes the following expression to the effective Hamiltonian:
H
(6)
eff = constant− δ
J3xJ
3
y
J5z
∑
f
Bzf , (29)
where δ is a positive numerical constant arising from summing up 720 terms related to
the order of product of six links around an inner hexagon of ruby lattice. Although, its
exact numerical value is not important, but knowing its sign is essential for our subsequent
discussions. As it is clear from the first term in (26), five Green’s functions and six V in
the perturbation contribute a minus sign to the expression. This minus sign together with
the sign appearing in (27) enforce the coefficient δ be a positive constant. Now it is simple
to realize how the vectors in the ground state manifold rearranged. Trivially, all plaquette
26
operators Bzf commute with each other and their eigenvalues are ±1. All polarized vectors
in L are the eigenvector of the effective Hamiltonian emerging at sixth-order. But, those
are ground states of the effective Hamiltonian in (29) which are eigenvectors of all plaquette
operators Bzf with eigenvalue +1. Thus, highly degenerate ground state of the unperturbed
Hamiltonian is broken in part. The same plaquette operators Bzf also appear at higher
order of perturbation. For example, at eighth-order. Instead of giving the rather lengthy
expression of the eighth-order correction, we only keep terms resulting in the plaquette
operators as follows:
H
(8)
eff = constant− β
J5xJ
3
y + J
3
xJ
5
y
J7z
∑
f
Bzf , (30)
where β > 0. This term is added to the one in (29) to give the effective Hamiltonian up
to eighth-order, but the ground state structure remains unchanged. Further splitting in the
ground state manifold is achieved by taking into account the ninth-order of perturbation.
The expression of ninth-order is very lengthy. However, the first term of the expression
containing nine V gives some terms being able of mapping the ground state manifold into
itself in a nontrivial way. These terms map a polarized triangle, say up, to a down one.
Indeed, when one or two qubits of the polarized triangle gets flipped, its state is excited.
However, flipping three qubits of the triangle returns back the ground state onto itself. This
process encodes τx and τ y logical operators acting on logical qubits arising through the
projection. Let σx1 , σ
x
2 and σ
y
3 act on three qubits of a triangle. The encoded τ
y operator
will be
τ yv = Pvσ
x
1σ
x
2σ
y
3Pv = −i|⇑〉〈⇓|+ i|⇓〉〈⇑|. (31)
If σx1 , σ
y
2 and σ
y
3 act on three qubits of a triangle, the encoded τ
x logical operator will be
− τxv = Pvσ
x
1σ
y
2σ
y
3Pv = −|⇑〉〈⇓| − |⇓〉〈⇑|. (32)
As we already pointed out a plaquette of the ruby lattice is made up of an inner hexagon,
an outer hexagon and the six blue triangles. It is possible to act on the polarized space of
the blue triangles by making two different combinations of 9 link interactions: i/ Applying
6 link interactions on the outer hexagon (three of them of XX type and another three of YY
type), times 3 link interactions of red type on the inner hexagon. Notice that every vertex of
the blue triangles in the plaquette gets acted upon these 9 link interactions. The resulting
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effective operator is of type τ y due to (31). ii/ Applying 6 link interactions on the outer
hexagon, times 3 link interactions of green type. Then, the resulting effective operator is of
type τx due to (32).
The effective Hamiltonian at this order then reads
H
(9)
eff = PV
(
G′(E
(0)
0 )V
)8
P + ... (33)
= constant− γ
J6xJ
3
y
J8z
∑
f
Byf − γ
J3xJ
6
y
J8z
∑
f
Bxf .
Again, the sign of coefficient γ is important. Nine V ’s, six τx or τ y, and eight Green’s
function imply that the γ must have positive sign.
Putting together all above obtained corrections lead to an effective Hamiltonian encod-
ing color code as its ground state[1, 58]. Therefore, up to constant terms, the effective
Hamiltonian reads as follows
Heff = −kz
∑
f
Bzf − kx
∑
f
Bxf − ky
∑
f
Byf , (34)
where the kz, kx and ky are positive coefficients arising at different orders. Since B
x
fB
y
f = B
z
f ,
the above effective Hamiltonian is just the many-body Hamiltonian of the color code as in
(1). The terms appearing in the Hamiltonian mutually commute, so the ground state will
be the common eigenvector of plaquette operators. Since each plaquette operator squares
identity, the ground state subspace, C, spanned by vectors which are common eigenvectors
of all plaquette operators with eigenvalue +1, i.e
C = {|ψ〉 : Bxf |ψ〉 = |ψ〉, B
y
f |ψ〉 = |ψ〉 ; ∀f}. (35)
The group of commuting boundary closed string operators can be used as an alternative
way to find the terms appearing in the effective Hamiltonian[82]. As we pointed out in
the preceding section, the non-zero contribution from various orders of perturbation theory
results from the product of red and green links which preserve the configurations of the
polarized triangles, i.e maps ground state manifold onto itself. For instance consider the
elementary plaquette operator A corresponding to a closed string in Fig.5. Each triangle
contributes σyσyσx to the expression of operator which is projected to τx as in (32). Thus,
the effective representation of plaquette operator reads as follows:
PSAf P → B
x
f . (36)
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Plaquette operators SBf and S
C
f can also be recast into the effective forms as follows:
PSBf P → B
y
f , PS
C
f P → −B
z
f . (37)
These are lowest order contributions to the effective Hamiltonian as we obtained in (34).
Higher order of perturbation will be just the product of effective plaquette operators. The
nontrivial strings winding around the torus will have also effective representations and appear
at higher orders of perturbation. In general, every string-net IOM on the ruby lattice are
projected on an effective one as in Fig.9.
V. BOSONIC MAPPING
As we stated in Sect.III, one of the defining properties of our model is the existence of
non-trivial integrals of motion IOM, called string-nets. As a particular example, the Kitaev’s
model on the honeycomb lattice has strings IOMs, but not string-nets. We are interested in
models in which the number of IOMs is proportional to the number of qubits in the lattice,
i.e.,
I = ηNq, (38)
where I is the number of IOMs, Nq is the number of qubits (spins) in the lattice, and η
is a fraction: η = 1
2
for the Kitaev model [72], η = 1
3
for our model in (6) [10]. The fact
that η is a fraction η ≤ 1 implies that these models based on string-net IOMs will not
necessarily be exactly solvable. In the Kitaev’s model, it turns out to be exactly solvable
using an additional mapping with Majorana fermions, but this need not be a generic case.
Therefore, we need to resort to other techniques in order to study the physical properties of
these models. We consider here and next section, approximate methods based on bosonic
and fermionic mappings. The application of the bosonic method to our model is based on a
mapping from the original spins on the blue triangles to hardcore bosons with spin [10]. With
this mapping, it is possible to use the PCUTs approach (Perturbative Continuous Unitary
Transformations) [83]. This is inspired by the RG method based on unitary transformation
introduced by Wegner (the Similarity RG method) [84]. Originally, the PCUTs method was
applied to the Kitaev model [85]. As we will see below, the method paves the way to go
beyond the perturbation approach presented in the preceding section which fits into a sector
without any hard-core boson. The physics at other sectors is very promising and we study
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it here. Emergence of three families of strongly interacting anyonic fermions and invisible
charges are among them, which are not present in the Kitaev’s model or its variants. To start
with, let us set for simplicity Jz = 1/4, and consider the extreme case of Jx = Jy = 0. In
this case the system consists of isolated triangles. The ground states of an isolated triangle
are polarized states | ↑↑↑〉 and | ↓↓↓〉 with energy −3/4. The excited states that appear by
flipping spins are degenerate with energy 1/4. In this limit, the spectrum of whole system
is made of equidistance levels being well-suited for perturbative analysis of the spectrum:
Green’s function formalism as discussed in the preceding section, which may capture only
the lowest orders of perturbation or another alternative approach based on the PCUT. The
change from the ground state to an exited state can be interpreted as a creation of particles
with energy +1. This suggest an exact mapping from the original spin degrees of freedom
to quasiparticles attached to effective spins. The mapping is exact, i.e. we don’t miss any
degrees of freedom. Such a particle is a hard-core boson. At each site, we attach such a
boson and also an effective spin-1
2
. Let choose the following bases for the new degrees of
freedom
|a, d〉 = |a〉 ⊗ |d〉, a =⇑,⇓, d = 0, r, g, b, (39)
where a and d stand for states of the effective spin and quasiparticle attached to it. The
Hilbert space HC representing the hard-core bosons is four dimensional spanned by bases
{|0〉, |r〉, |g〉, |b〉}. Now the following construction relates the original spin degrees of freedom
and new ones in (39)
|⇑, 0〉 ≡ |↑↑↑〉, |⇓, 0〉 ≡ |↓↓↓〉
|⇑, r〉 ≡ |↑↓↓〉, |⇓, r〉 ≡ |↓↑↑〉
|⇑, g〉 ≡ |↓↑↓〉, |⇓, g〉 ≡ |↑↓↑〉
|⇑, b〉 ≡ |↓↓↑〉, |⇓, b〉 ≡ |↑↑↓〉. (40)
Within such mapping, the effective spins and hard-core bosons live at the sites of the effec-
tive hexagonal lattice Λ in Fig. 8(c). Recall that this lattice is produced by shrinking the
triangles. At each site we can introduce the color annihilation operator as bc := |0〉〈c|. The
number operator n and color number operator nc are
n :=
∑
c
nc, nc := b
†
cbc. (41)
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Annihilation and creation operators anticommute on a single site, and commute at different
sites, that is why they are hard-core bosons. We can also label the Pauli operators of original
spins regarding to the their color in Fig. 8(b) as σwc with c = r, g, b. The mapping in (40)
can be expressed in operator form as follows
σzc ≡ τ
z ⊗ pc, σ
ν
c ≡ τ
ν ⊗ (b†c + bc + sνrc), (42)
where ν = x, y, sx := −sy := 1, the symbols τ denote the Pauli operators on the effective
spin and we are using the color parity operators pc and the color switching operators rc
defined as
pc := 1− 2(nc¯ + nc¯), rc := b
†
c¯bc¯ + b
†
c¯bc¯. (43)
Now we can forget the original ruby lattice and work on the effective lattice in which the
bosons are living at its sites. With the above identification for Pauli operators, the 2-body
Hamiltonian in (6) can be written in this language. Before that, let fix a simplified notation.
All spin and bosonic operators act on the sites of the effective lattice. We refer to a site
by considering its position relative to a reference site: the notation O,c means O applied at
the site that is connected to a site of reference by a c-link. The 2-body Hamiltonian then
becomes
H = −3N/4 +Q−
∑
Λ
∑
c 6=c′
Jc′|c T
c′
c , (44)
with N the number of sites, Q :=
∑
Λ n the total number of hardcore bosons, the first
sum running over the N sites of the reduced lattice, the second sum running over the 6
combinations of different colors c, c′ and
T c
′
c = u
c′
c +
tc
′
c + v
c′
c
2
+
rc
′
c
4
+ h.c., (45)
a sum of several terms for an implicit reference site, according to the notation convention
we are using. The meaning of the different terms in (45) is the following. The operator tc
′
c
is a c-boson hopping, rc
′
c switches the color of two c¯- or c¯-bosons, u
c′
c fuses a c-boson with a
c¯-boson (or a c¯-boson) to give a c¯-boson (c¯-boson) and vc
′
c destroys a pair of c-bosons. The
explicit expressions are
tc
′
c := τ
c′
c bcb
†
c,c′, r
c′
c := τ
c′
c rcrc,c′,
uc
′
c := sc′|cτ
c′
c bcrc,c′, v
c′
c := τ
c′
c bcbc,c′, (46)
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where we are using the notation
τ c
′
c := τ
c′|cτ
c′|c
,c′ . (47)
We can also describe the plaquette IOM operators in Fig. 5 in terms of spin-boson degrees
of freedom by means of the mapping in (42). For each plaquette f and color c, the plaquette
operator is expressed as
Scf :=
∏
v∈f
τ c|c
′
v pc′⋆c, (48)
where c′ is the color of the plaquette f , the product runs through its sites and ⋆ is just a
convenient symmetric color operator defined by
c ⋆ c := c, c ⋆ c¯ := c¯ ⋆ c := c¯. (49)
The relation in (48) is just a generalization of plaquette operators in (11) to other sectors
of the system. In fact taking the zero particle sector, the expressions in (11) are recovered.
In the same way the nontrivial string operators in Fig.7 can be described with the above
mapping as
Scµ :=
∏
v∈µ
τ c|c
′
v pc⋆c′, (50)
where µ denotes the homology class of the string. On closed surfaces, not all plaquette
operators are independent. They are subject to the following constraints
∏
f∈Λ
Scf = (−1)
N/2,
∏
c=r,g,b
Scf = (−1)
s/2, (51)
where s is the number of sites of a given plaquette f . The first equation can be further
divided into products over subsets of plaquettes giving rise to other constants of motion, the
so called color charges, as
∏
f∈Λc¯
S c¯f
∏
f∈Λc¯
S c¯f =
∏
f∈Λc¯
Scf
∏
f∈Λc
S c¯f =
∏
Λ
pc. (52)
In these products the spin degrees of freedom are washed out, since they appear twice and
consequently square identity. By use of equation (43), the product over parity operators can
be written as
χΛ(c) =
∏
Λ
pc = (−1)
Qc¯+Qc¯, (53)
where Qc =
∑
Λ nc is the total number of c-bosons. It is simple to check that the above
equation commutes with Hamiltonian in (44). For each family of bosons we can attach a
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charge. We suppose that each c-boson carries a charge as χc, that is, an irrep of the gauge
group. In particular, the Hamiltonian preserves the following total charge
χΛ := χ
Qr
r χ
Qg
g χ
Qb
b . (54)
A. Emerging particles: anyonic fermions
Equation (52) could already suggest that the parity of vortices are correlated to the parity
of the number of bosons. In particular, creation of a c-boson changes the vorticity content
of the model.
The statistics of vortices depend on their color and type as in Fig.2. But what about the
statistics of c-bosons? As studied in [86], the statistics of quasiparticles can be examined
using the hopping terms. These hopping terms are combined so that two quasiparticles
are exchanged. In addition to usual hopping terms, we also need for composite hopping ,
that is, a c-boson hops from a c-plaquette to another, which is carried out by terms like
tcc = u
c
c¯u
c †
c¯,c = u
c
c¯u
c †
c¯,c. Let us consider a state with two c-boson excitations located at two
different sites separated from a reference site by c¯ and c¯ links. An illustrative example for the
case of, say, blue bosons is depicted in Fig.11(a). Consider a process with the net effect of
resulting into the exchange of two bosons. Each step of process can be described by hopping
terms. Upon the combination of hopping terms, we are left with the following phase
tc¯c t
c
c,c t
c¯
c t
c¯
c,c¯ t
c
c t
c¯
c,c¯ = (τ
yτ y,c¯τ
zτ z,cτ
xτx,c¯)
2 = −1, (55)
which explicitly show that the quasiparticles made of hardcore-bosons and effective spins
have fermion statistics [10]. Thus we have three families of fermions each of one color.
These are high energy fermions interact strongly with each other due to the fusion term in
the Hamiltonian. Fermions from different families have mutual semionic statistics, that is,
encircling one c-fermion around a c¯-fermion picks up a minus sign. This can also be checked
by examining the hopping terms as in Fig.11(a). Thus we are not only dealing with fermions
but also with anyons.
The elementary operators in (46) have a remarkable property, and that, they all commute
will plaquettes and strings IOM. This naturally implies any fermionic process leaves the
vorticity content of the model unaffected. A fermionic process may correspond to hopping,
splitting, fusion and annihilation driven by the terms in the Hamiltonian (45) and (46). A
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FIG. 11: (color online) (a)A step by step illustration of hopping of two blue fermions with the net
result of exchange of two fermions (b)A representation of a fermionic process in which a c-fermion
(here red) at the origin site is annihilated and undergoes hopping, splitting and fusion processes,
and then is created at another site.
typical fermionic process is shown in Fig.11(b), with the net result of displacement of a
r-fermion from a site at the origin to other one of the effective lattice. A very feature of
this process is the existence of vertexes, which is essential to high-energy fermions, that is,
three fermions with different color charge can fuse into the vacuum sector. At the vertex,
three different colored strings meet. Notice that the colored strings shown here have nothing
to do with the ones we introduced in Sect.III. Indeed, these are just product of some red
and green links of the ruby lattice. When translated into the spin-boson language, they are
responsible for transportation of c-fermions through the lattice.
Now we can think of constraints in (52) and (53) as a correlation between the low energy
and high energy sectors of our model. They explicitly imply that the creation of a c-fermion
creates the vortices with net topological charge of (c¯, χc¯). Alternatively, as suggested by
mapping in (40), flipping of spin on a triangular can create or destroy the excitation, that
is, a high energy fermion can be locally transformed into low energy ones. This amounts
to attach a topological charge from low energy sector to high energy excitations. Thus a
c-fermion carries a topological charge. On the other hand, an open c-string commutes with
all plaquettes except some of them, so they create or destroy a particular charge among the
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charges in Fig.2. It is simple to check that which charge they carry at their open ends. In fact
they carry (c¯, χc¯) charges. These latter charges have trivial mutual statistics relative to the
charges carried by high energy fermions, since they belong to different families of fermions.
Thus the charge carried by a c-string must be invisible to the high energy fermions.
B. Perturbative continuous unitary transformation
The physics behind Hamiltonian in (44) can be further explored by resorting to approxi-
mate methods. The specific form of the energy levels of our model in the isolated limit, the
existence of equidistant levels, makes it suitable for perturbative continuous unitary trans-
formations. In this method the Hamiltonian is replaced by an effective one within unitary
transformations in which the resulting effective Hamiltonian preserves the total charges, i.e.
[Heff , Q] = 0. Thus the analysis of the model relies on finding the effective Hamiltonian
in a sector characterized by the number of charges at every order of perturbation. For our
model each sector are determined by the number of c-fermions. Each term of the effective
Hamiltonian in any sector is just a suitable combination of expressions in (46) in such a way
that respects the total color charge in that sector. For now we briefly analyze the lowest
charge sectors.
In the zero-charge sector, only the effective spin degrees of freedom do matter. The
effective Hamiltonian is just a many-body Hamiltonian with terms that are product of
plaquette operators as follows
Heff0 = E0 −
∑
{c}
∑
{f}
Oc1,...,cnf1,...,fnS
c1
f1
...Scnfn , (56)
where the first and second sum run over an arbitrary collection of colors and plaquettes
of effective honeycomb lattice. The coefficients O’s are determined at a given order of
perturbation. The product of plaquette operators is nothing but the string-net operators.
Let us focus at lowest order of perturbation, where the model represents non-interacting
vortices. First, let us redefine plaquette operators as
Bxf = j
s/2
x
∏
v∈f
τxv , B
y
f = j
s/2
y
∏
v∈f
τ yv , (57)
where jw := Jw/|Jw|. At ninth order of perturbation the effective Hamiltonian is
Heff0 = −
∑
f∈Λ
(
kxB
x
f + kyB
y
f + kzB
x
fB
y
f
)
, (58)
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with [10]
kz =
3
8
|JxJy|
3 +O(J7),
kx
|Jy|3
=
ky
|Jx|3
=
55489
13824
|JxJy|
3. (59)
This is exactly the many-body Hamiltonian of topological color code obtained in (34) using
degenerate perturbation theory with the additional advantage of knowing the coefficients
exactly. Its ground state is vortex free and can be written explicitly by choosing a reference
state as
2N/4−1
∏
f
(
1 +Bxf
2
)
| ⇑〉 ⊗ |0〉b. (60)
Other degenerate ground states can be constructed by considering the nontrivial string
operators winding around the torus. Excitations above ground state don’t interact. Going
to higher order of perturbation, as equation in (56) suggests, the ground states remain
unchanged, however the excitation spectrum changes and vortices interact with each other.
The one-quasiparticle sector can also be treated by examining the expressions in (46).
The effective Hamiltonian can be written as
Heff1 = H
eff
0 −
∑
{R}
ORRˆb
†
c,Rbc. (61)
What the second term describes is nothing but the annihilation of a c-fermion at a reference
site and then its creation at a site connected to the reference by a string-net R, as shown
in Fig.11(b). Again notice that this string-net is just the product of green and red links
of original 2-body Hamiltonian, in its effective form is given in terms of spin-boson degrees
of freedom. The coefficients O’s are determined at any order of perturbation. Notice that
these coefficients are different from those in (56). In the first order, only the hopping term
does matter. Let us consider the sector containing a c-fermion. Up to this order, the fermion
can only hop around a c-plaquette. This implies that at first order the fermion perform an
orbital motion around a plaquette of its color. Notice that the fermion can not hop from
a c-plaquette to other c-plaquette at the first order, since it needs for a composite process
which appears at second order. This composite process is a combination of splitting and
fusion processes. This is a virtual process in the sense that the splitting of a c-fermion into
two c¯- and c¯-fermion takes the model from 1-quasiparticle sector into the 2-quasiparticle
sector, but the subsequent process fuses two particles into a single one turning back to 1-
quasiparticle sector. Thus, at second order the c-fermion can jump from one orbit to other
one.
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At first order, for J = Jx = Jy, we get a −2J contribution to the energy gap coming
from orbital motion. Going to second order we get a non-flat dispersion relation. The gap,
at this order, is given by 1 − 2J − J2/2 and thus it closes at J ≃ 0.45. This is just an
approximate estimation, since we are omitting all fermion interactions and, perhaps more
importantly, we are taking J ≃ Jz. However, it is to be expected that as the couplings
Jx ∼ Jy grow in magnitude the gap for high-energy fermions will reduce, producing a phase
transition when the gap closes. Such a phase transition resembles the anyon condensations
discussed in [87–89]. There are three topological charges invisible to the condensed anyons.
This means that in the new phase there exists a residual topological order related to these
charges. They have semionic mutual statistics underlying the topological degeneracy in the
new phase.
C. Fermions and gauge fields
The emerging high-energy c-fermions always appear with some nontrivial gauge fields[10,
86], and carry different representation of the gauge symmetry Z2 ×Z2 of the model. Before
clarifying this, we can see that the plaquette degrees of freedom correspond to Z2×Z2 gauge
fields. This correspondence is established via introducing the following plaquette operators
B c¯f := j
s/2
x S
c¯
f ,
B c¯f := j
s/2
y S
c¯
f ,
Bcf := (−jxjy)
s/2 Scf . (62)
The gauge element qf ∈ Z2 × Z2 that can be attached to the plaquette f is determined by
following eigenvalue conditions
χc(qf ) = B
c
f , (63)
which always has a solution due to
(Bcf )
2 = BrfB
g
fB
b
f = 1. (64)
The ground state of color code Hamiltonian (58) is vortex free and corresponds to χc = 1.
The fact that for a 2-colex with hexagonal plaquettes, the gauge fields can be related to
representation of the group is immediate. One way to see this is to check the phase picked
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FIG. 12: (color online) A piece of 2-body lattice corresponding to a 2-colex composed of octagon
and square plaquettes. The lattice is 3-colorable as in Fig.8.
up by a c-fermion when it moves around a plaquette. Turning on a plaquette is done by
combination of hopping operators yielding the phases as B c¯f , B
c¯
f and B
c
f that are consistent
with (64). However, this is not generic for all 2-colexes. For 2-colexe plaquettes that the
number of their edges is a multiple of four, we see that the ground state carries fluxes.
Perhaps the most important of such lattices is the so called 4-8-8 lattice shown in Fig.12. It
contains inner octagons and squares. Once degenerate perturbation theory is applied about
the strong limit of the system, the effective color code Hamiltonian in terms of plaquette
operators in (62) at 12th order of perturbation is produced, as follows
Heff = −
∑
f
(kxB
x
f + kyB
y
f + kzB
z
f ) + multiplaquette terms, (65)
where sum runs over all squares and octagons. Notice that at 12th order of perturbation
multiplaquette terms that are product of square plaquette operators are also appeared. It is
simple to check that the coefficients k’s have positive sign. As we can relate the plaquettes
to the representation of gauge group, the ground state corresponds to vortex free sector.
In fact, the ground state of all 2-colexes with plaquettes of any shape is vortex free and
correspond to χc = 1 of gauge group. What is able to differentiate between ground states
of 2-colex plaquttes with 4n (n an integer) edges from others is related to the gauge fields
38
FIG. 13: (color online) A c-fermion process. A red fermion goes around a region λ. The phase
that it picks up depends on vortex configurations shown by spiral lines, blue and green fermions
and number of plaquettes that the number of their edges is of multiple four.
attached to a fermion. In particular, there is a background of π-fluxes in the ground states of
such lattices, and the emerging c-fermions can detect them. To make sense of the existence
of such fluxes, let us consider a simple fermionic process as explained above. When a c-
fermion turns on a plaquette, the combination of hopping terms yield −B c¯f , −B
c¯
f and −B
c
f ,
which clearly imply that
(−B c¯f )(−B
c¯
f )(−B
c
f ) = −1. (66)
This result exhibit that the ground states of color code models defined on lattices with 4n-
plaquettes carry fluxes. Thus, in its representation in terms of Z2 × Z2 gauge group, the
fluxes must be subtracted away.
Our derivation for ground states with 0- and π-flux can be compared with Lieb
theorem[90], which states for a square lattice the energy is minimized by putting π flux
in each square face of the lattice. The connection to our models makes sense when we con-
sider how 2-colexes with hexagonal and 4-8-8 plaquettes can be constructed from a square
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lattice by removing some edges. Then the total π fluxes in a set of square faces correspond-
ing to a 2-colex plaquette amounts to the flux that it carries. It is simple to see that each
hexagonal plaquette composed of two (imaginary) square faces, and flux π in each square
face then implies flux 0 in the hexagon. The same strategy holds for fluxes carried by the
4-8-8 plaquette(and in general for all 4n-plaquettes). Once again we see that each plaquettes
of latter 2-colxes is composed of odd number of square faces, thus they carry flux π in their
plaquettes.
Now we can give a general expression for the gauge fields seen by emerging high-energy
fermions. To do so, let us consider a process in which a c-fermion is carried around a region
λ, as in Fig.13. The hopping process yields a phase
φcλ = χc(qλ) (−1)
nλc¯+n
λ
c¯
+nλ4 (67)
where qλ =
∏
λ qf , n
λ
c denotes the number of c-fermions inside λ and n
λ
4 the number of 2-
colex plaquettes inside λ with a number of edges that is a multiple of four. Thus, we can see
that each family of fermions carries a different representation of gauge group given by values
of qf inside the region. Moreover, it emphasizes that fermions with different color charges
have mutual semionic statistics. Clearly for hexagonal lattices nλ4 = 0, and the ground state
carries no fluxes.
VI. FERMIONIC MAPPING
In this section we will come back to the original Hamiltonian of (6) on the lattice in order
to use another approximate method based on fermionic mappings. This Hamiltonian can
be fermionized by Jordan-Wigner transformation [73]. To do so, firstly it is convenient to
present a lattice which is topologically equivalent to the lattice of Fig.3. This is a new type
of ”brick-wall” lattice as shown in Fig.14. The black and white sites are chosen such that,
at the effective level, the lattice be a bipartite lattice, since the effective spins are located at
the vertices of hexagonal lattice representing a bipartite lattice. Note that neither original
lattice in Fig.3 nor the brick-wall one in Fig.14 are bipartite in their own. Also as we will
see, the fermionization of the model needs some ordering of sites in the ”brick-wall” lattice.
The unit cell of the brick-wall lattice is comprised of two triangles as shown in Fig.14 in a
yellow ellipse. The translation vectors ~n1 and ~n2 connect different unit cells of the lattice.
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The deformation of the original lattice into a ”brick-wall” lattice allows one to perform
the one dimensional Jordan-Wigner transformation. The one dimensional structure of the
lattice is considered as an array of sites on a contour as shown in Fig.15. The sites on the
contour can be labeled by a single index and the ordering of the sites is identified by the
direction of the arrows in Fig.15. The expression of the Pauli operators in terms of spinless
fermions will be:
σ+j = a
†
j exp
(
iπ
∑
l<j
a†lal
)
, σzj = (2a
†
jaj − 1), (68)
where spinless fermions satisfy the usual anticommutation relations as follows
{ai, a
†
j} = δij , {a
†
i , a
†
j} = {ai, aj} = 0. (69)
Next, we introduce Majorana fermions as follows:
cj = −i(a
†
j − aj), dj = a
†
j + aj (70)
for black sites and
cj = a
†
j + aj , dj = −i(a
†
j − aj) (71)
for white sites. Majorana operators are Hermitian and satisfy the following relations:
k2j = 1, kjki = −kikj i 6= j, (72)
where k = c, d. For each unit cell we can realize two vertical red and green links correspond-
ing to σxσx and σyσy interactions. Observe that each vertex of the lattice can be specified
by three indices as follows: (i) index I is introduced to specify which unite cell the vertex
belongs to, (ii) b (w) denotes the black (white) vertex, (iii) l, j or k label the position of the
vertex in each triangle. With this labeling of vertices, the expression of the different terms
appearing in the two-body Hamiltonian in terms of Majorana fermions is listed below:
blue links : σzjσ
z
k = iUˆjkdjdk,
horizontal r− links : σxj σ
x
k = idjdk,
horizontal g − links : σyjσ
y
k = −idjdk,
vertical r− links : σ
(Iw)x
l σ
(Ib)x
l = id
(Iw)
l d
(Ib)
l FˆI,
vertical g − links : σ
(Iw)y
j σ
(Ib)y
j = −id
(Iw)
j d
(Ib)
j FˆI, (73)
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FIG. 14: (color online) Brick-wall lattice that is topologocally equivalent to the original lattice
in Fig.3. Triangles with black and white vertices are chosen such that at the logical level they
correspond to a bipartite lattice. A unit cell of the lattice has been shown by yellow region and
the whole lattice can be constructed by translation vectors n1 and n2. The chains supporting the
field operator F have been shown by brown ribbons.
FIG. 15: (color online) Ordering of sites in the brick-wall lattice of Fig.14. Such ordering makes it
possible to perform a one-dimensional Jordan-Wigner transformation.
where Uˆjk = −icjck and the operator FˆI is a non-local operator. Interestingly enough, this
non-local term has the following expression:
FˆI = exp(iπ
k−1∑
l=j
a†lal) =
∏
l∈R
icldl, (74)
where we have used the ordering of the brick-wall lattice and R stands for a set of spins
crossed by two brown ribbons shown in Fig.14. Observe that for each unit cell we can
realize such ribbons. The non-local operator can be written as a product of some plaquette
operators each corresponding to a rectangle(inner hexagon) wrapped by the ribbons. Notice
that an inner hexagon of the ruby lattice in Fig.3 looks like a rectangle in the brick-wall
lattice. Thus, two ribbons are nothing but a combination of rectangles as in Fig.14. This
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plaquette operator precisely corresponds to operator SCf in Fig.5. Let f1, f2, ... stand for
those rectangles (inner hexagons). Thus, we have:
FˆI =
∏
l∈R
cldl = S
C
f1
⊗ SCf2 ⊗ S
C
f3
.... (75)
After all these transformations, we arrive at an exact fermionized Hamiltonian given by
H = −Jz
∑
b−link
iUˆjkdjdk − Jx
∑
r−link
idjdk + Jy
∑
g−link
idjdk
−Jx
∑
I
id
(Iw)
l d
(Ib)
l FˆI + Jy
∑
I
id
(Iw)
j d
(Ib)
j FˆI. (76)
It is simple to check the following commutation relations:
[
H, Fˆ
I
]
=
[
H, Uˆjk
]
=
[
FˆI, FˆI′
]
= 0. (77)
Since Fˆ 2I = 1, the nonlocal operators can be replaced by its eigenvalues FI = ±1 . Thus
the nonlocal terms appearing in the Hamiltonian which are related to the vertical links of
the brick-wall lattice can be reduced to quadratic terms. However, the first sum in (76)
which is related to the triangles cannot be reduced to the quadratic term. This is because
local fields Uˆjk corresponding to three links of a triangle anticommute with each other as well
as with some FˆI’s. Due to these anticommutation, all fields cannot be fixed independently.
This fact is in sharp contrast with Kitaev’s model and its variants. These latter models are
defined on trivalent lattices. The different fields live at spatially separated links allowing
a free fermion exact solution [72, 73]. The obtained quadratic Hamiltonian describes free
majorana fermions in a background of Z2 charges. Instead, the lattice of our model is 4-
valent, a sharp difference that prevents complete solvability and gives rise to very interesting
features not present in the mentioned models. Note that the fields Uˆjk are highly interacting
since on a triangle three fields go to vacuum in the sense that UˆjkUˆklUˆlj = −1. This is
resemblance of vertex interaction in high energy fermions that we have seen in Sect.V with
the bosonic mapping. However, this latter relation doesn’t coincide with the symmetry of
the model as they do not commute with each other. This will be considered next.
Thus far, we have considered fields that are present in the Hamiltonian. In what follows,
we introduce another set of fields which have the Z2 × Z2 symmetry commuting with each
other and with the Hamiltonian. To this end, consider a plaquette f . As before, by a
plaquette we mean an outer and an inner hexagon with six triangles between them. Let Vf
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and Vh stand for sets of vertices of plaquette and inner hexagon, respectively. It is natural
that Vh ⊂ Vf . To each plaquette we attach the three following fields:
φ1f =
∏
j∈Vf
cj, φ
2
f =
∏
j∈f\h
cj
∏
v∈Vh
dj, φ
3
f =
∏
j∈Vh
cjdj, (78)
where by f\h we simply mean Vf − Vh. Each φf squares identity. They commute with each
other and with Hamiltonian and FˆI:[
φkf , φ
k′
f ′
]
=
[
φkf , FˆI
]
=
[
H, φkf
]
= 0 (79)
Also, the fields φf are responsible of the Z2 ×Z2 gauge symmetry since φ
1
f ⊗ φ
2
f ⊗ φ
3
f = −1.
The above fields are related to the plaquette operators.Using the transformations we have
introduced in (73), we can fermionize the conserved plaquette operators obtained in Fig.5.
They are associated to the above constants of motion as follows
SAf = φ
1
f FˆI, S
B
f = φ
2
f FˆI, S
C
f = φ
3
f . (80)
Although the above gauge fields make it possible to divide the Hilbert space into sectors
in which be eigenspaces of gauge fields (or eigenspaces of plaquette operators), they do not
allow us to reduce the Hamiltonian in (76) into a quadratic form. The FˆI’s can be fixed
as they commute with the Hamiltonian. But, we are not able to reduce the four-body
interaction terms in the Hamiltonian into quadratic form. In fact, the anticommutation of
Uˆjk’s on a blue triangle prevents them to be fixed consistently with gauge fixing.
VII. CONCLUSIONS
We have introduced a two-body spin-1/2 model in a ruby lattice, see Fig.3. The model
exhibits an exact topological degeneracy in all coupling regimes. The connection to the
topological color codes can be discussed on the non-perturbative level as well as confirmed
by perturbative methods. In the former case, on the ruby lattice we realized plaquette
operators with local Z2×Z2 symmetry of the color codes. All plaquette operators commute
with the Hamiltonian and they correspond to integrals of motion. The plaquettes can be
extended to more complex objects that can be considered as string-nets: non-trivial strings
with branching points. The nontrivial strings corresponding to the various homology classes
of the manifold determine the exact degeneracy of the model. For the case of periodic
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boundary conditions, i.e on a torus, and for each non-contractible cycle of the torus, we
can identify three nontrivial closed strings. Once each of them is colored, the plaquettes of
the lattice can be correspondingly colored as in Fig.8. For each homology class, they are
related to each other by the gauge symmetry of the model. The crucial property of these
strings is that they commute with Hamiltonian but not always with each other. This is
independent of the regimes of coupling constants of the model. Being anticommuting closed
nontrivial strings, the model has exact topological degeneracy. To clarify this observation,
we use perturbation theory to investigate a regime of coupling corresponding to a strong
coupling limit (triangular limit). In this limit the topological color code will be the effective
description of the model. The effective representation of the closed loop operators determine
the terms appearing in the effective Hamiltonian at different orders.
Unlike the Kitaev’s model or any its variants, our model is not integrable in terms of
mapping to Majorana fermions, to the best of our knowledge. This model is a four-valent
lattice and gauge fields not always commute with each other. However, we have emphasized
in Sect.III that the existence of exact integrals of motion (IOMs) at a non-perturbative level
is far more enriching than demanding exact-solvability of a model. In fact, if the number
of IOMs is large enough, the model can turn out to be solvable. Thus, fixing plaquette
operators can not give rise to fix all gauge fields.
The description of our model in terms of hard core bosons yields very fruitful and interest-
ing physics of the model. Using a bosonic mapping, it is possible to discuss the emergence of
strongly interacting anyonic fermions. They form three classes each of one color. Fermions
from different classes have mutual semionic statistics. A very intriguing feature of these
fermions is related to the topological color charges they carry. They carry charges from a
particular family of low energy fermions. Thus the charges created by open strings are in-
visible to high energy fermions. Moreover, there are some experimental proposals to realize
hard-core bosons with optical lattices[91] and it would be a nice challenge to implement a
Hamiltonian like (44) and (45).
We have shown that this new model exhibits enough novel interesting and relevant
properties so as to justify further research. Some of these possible lines of study are as
follows: We have only studied a particular phase of the system, although we are able
to study non-perturbative effects as well. The fact that all phases show a topological
degeneracy anticipates a rich phase diagram. In this regard, one may explicitly break the
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color symmetry that the model exhibits and still keep the features that we have discussed.
It would be particularly interesting to check whether any of the phases displays non-abelian
anyons. The model has many integrals of motion, although not enough to make it exactly
solvable. This becomes another appealing feature of the model since other methods of
study, like numerical simulations and experimental realizations will help to give a complete
understanding of all its phases.
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Appendix A: 2-Body Hamiltonian for Color Codes using Cluster States
A topological color code can be constructed from a graph state defined on a bipartite
lattice by means of a set of measurements on certain subsystems. This bipartite lattice is
shown in Fig.16(a), where the black vertices correspond to plaquettes and the white vertices
correspond to the vertices of a 2-colex. To this graph we can attach a set of stabilizers as
follows
Kα = Xα
∏
≺α,β≻
Zβ, (A1)
where α and β stand for vertices of the graph and the product runs over all vertices that
are connected to α by black links. Let us set V = U1 ∪ U2, where U1 and U2 stand for
the set of white and black vertices of the bipartite graph in Fig.16(a). Note that white
and black vertices corresponds to the vertices and plaquettes of the 2-colex. This bipartite
graph is exactly what we need to construct color codes. To this end, we first impose a
unitary transformation on the sublattices that allows us to have a more symmetric form of
the stabilizer operators, i.e
∀ v ∈ U1 Kv = XN(v)
∀ f ∈ U2 Kf = ZN(f), (A2)
where N(v) denotes the site v and its neighbors, and the same goes for N(f). The corre-
sponding cluster state denoted by |G〉 will be the common eigenvector of the above stabilizer
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FIG. 16: (color online) (a) The graph needed for obtaining color codes from graph states. The
graph is bipartite. Black and white vertices correspond to the plaquettes and vertices of a 2-colex.
Black solid links are edges of the graph (b) The corresponding graph state can be approximated
as a low energy description of a lattice with 2-body Hamiltonian. The lattice is obtained from the
graph by replacing its vertices with some hexagons and triangles. The interactions σzσz and σxσz
are associated to the solid and dashed links, respectively.
operators. Thus we have:
∀ v ∈ U1 XN(v)|G〉 = |G〉
∀ f ∈ U2 ZN(f)|G〉 = |G〉. (A3)
Finally, a graph state can be related to a color code within a set of measurements in the Z
basis on all qubits corresponding to the set U2.
We suppose there is a two dimensional lattice of physical qubits that is governed by a
2-body Hamiltonian. Physical qubits of the lattice are projected to logical qubits. The point
is that this projection is achieved by going to some order in perturbation theory. We think
of vertices of the graph in Fig.16(a) as logical qubits. The lattice with 2-body interaction
is shown in Fig.16(b), where the number of physical qubits corresponding to the vertices of
the graph equals the number of links crossing the vertex. The new resulting lattice consists
of triangles and hexagons and physical qubits live on their vertices. Triangles and hexagons
are in one to one correspondence with the white and black vertices (U1 and U2) of the graph
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in Fig.16(b), respectively. Note that each triangle is linked with three neighboring hexagons
and each hexagon is linked with six neighboring triangles.
The low lying spectrum of a well constructed 2-body Hamiltonian defined on the lattice
composed of hexagons and triangles may describe a cluster state. To this end, we need for
the following projection from the physical qubits to the logical ones:
Pv = |⇑v〉〈↑↑↑|+ |⇓v〉〈↓↓↓|, Pf = |⇑f〉〈↑↑↑↑↑↑|+ |⇓f〉〈↓↓↓↓↓↓| (A4)
where | ⇑L〉 and | ⇓L〉 with L = v, f stand for the two states of the logical qubits obtained
within the above projections, or alternatively they are states of logical qubits of the graph
in Fig.16(a). We set the following Hamiltonian:
H = H0 + λV (A5)
where H0 is the unperturbed Hamiltonian which can be treated exactly and λ is a small
quantity which allow us to treat the term λV perturbatively. We refer to each triangle
(hexagon) and its vertices by a site index v (f) and indices i, j, respectively. The unperturbed
part of the Hamiltonian included in H0 is as follows.
H0 = −
∑
L
∑
<i,j>
σzL,iσ
z
L,j (A6)
where the first sum runs over all triangles and hexagons (sites) and <i, j> stand for the
nearest-neighbor qubits around the corresponding triangle or hexagon connected by the solid
lines as in the Fig.16(b). The interaction between qubits of triangles and qubits of hexagons
are included in V :
V = −
∑
<vi,fj>
(σxv,iσ
z
f,j + σ
z
v,iσ
x
f,j) (A7)
where <vi, fj> denotes two neighboring qubits which are connected by the dashed line.
The unperturbed Hamiltonian H0 can easily be diagonalized for triangles and hexagons.
Ground state vectors of a triangle or hexagon form a two dimensional space spanned by the
following polarized eigenvectors:
triangle : |⇑v〉 ≡ |↑↑↑〉, |⇓v〉 ≡ |↓↓↓〉 (A8)
and
hexagon : |⇑f〉 ≡ |↑↑↑↑↑↑〉, |⇓f〉 ≡ |↓↓↓↓↓↓〉. (A9)
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Let Nv and Nf be the number of triangles and hexagons, respectively. Imposing periodic
boundary conditions, the total number of triangles and hexagons will be: N = Nv +Nf =
3Nf . Thus, the dimension of the ground-space of the unperturbed Hamiltonian H0 (or
ground state degeneracy) becomes: g0 = 2
Nv2Nf = 2N , and the ground state energy is:
E
(0)
0 = Nf(−6) + Nv(−3) = −4N in terms of the energy scale of the problem. The first
excited state is produced by exciting one of the triangles or hexagons and has energy:
E
(0)
1 = Nf(−6) + Nv(−3) + 4 = −4(N − 1) with degeneracy g1 = 14N2
N . The second
excited state has energy E
(0)
1 = Nf(−6) + Nv(−3) + 8 = −4(N − 2) with degeneracy:
g2 = 4(N + 5N
2)2N−1, and so on and so forth.
Using degenerate perturbation theory as in Sec.IVB, the effect of perturbation V on
the ground sate subspace can be investigated, and see if it breaks the degeneracy. It is
simple to see that first order perturbation does not have anything to do with the ground
state subspace. The second order gives rise to a trivial effect as a shift in energy, since each
operator related to dashed links appears twice. The third order perturbation theory however
gives rise to a nontrivial effect. It causes a partial lift of the ground state degeneracy, but not
complete. The initial degeneracy 2N gets reduced down to 2Nf . This nontrivial effect arises
from the product of three dashed links crossing a typical triangle, namely the ground state
vectors are grouped into the 2Nv states, each containing 2Nf vectors. The product of three
(six) σx operators around a triangle (hexagon) is equivalent to an X operator acting on the
logical qubit which is projected down from the three(six) qubits of the triangle(hexagon) ,
since
XL = |⇑L〉〈⇓L |+ |⇓L〉〈⇑L |. (A10)
Also the action of a σz on one qubit of a triangle or hexagon is equivalent to an Z operator
acting on the related logical qubit, since
ZL = PLσ
zP †L = |⇑L〉〈⇑L | − |⇓L〉〈⇓L |. (A11)
Now we can go on in order to calculate the third order perturbation:
H
(3)
eff = −
3!
(E
(0)
0 −E
(0)
1 )
2
∑
v
Kv = −δ
∑
v
Kv, (A12)
where
Kv = Xv
∏
f
Zf , (A13)
49
the product runs over three black vertices linked to the v and δ = 3
8
. The operator Kv is a
stabilizer for the logical qubits which are projected down from the triangles. Since K2v = 1,
the ground states correspond to the values of kv = +1. We skip the forth and fifth order of
perturbation because they have trivial effects.
Like in 3rd order perturbation, we are faced with a nontrivial term in the 6th order
perturbation theory. We will see that by considering this order, the ground state degeneracy
is lifted completely. This nontrivial effect arises from the product of terms in the perturbation
λV corresponding to the links around a hexagon. Finally, for the 6th order perturbation we
have:
H
(6)
eff = −γ
∑
f
Kf , (A14)
where
Kf = Xf
∏
v
Zv, (A15)
and the product runs over six white vertices linked to the hexagon f . The coefficient γ has
positive sign and its precise value is unimportant. We would like to emphasize that at six
order in perturbation theory some other terms appear which are product of two distinct Kv.
However, we skip them as they all commute. Equations (A13) and (A15) provides all we
need to adopt the cluster state in (A3) as ground state of the low energy effective theory of
Hamiltonian in (A5), which up to six order of perturbation can be written as follows
Heff = constant− δ
∑
v
Kv − γ
∑
f
Kf . (A16)
We see that the above effective Hamiltonian is completely different from that of in (34). The
latter equation gives rise directly to the topological color code as its ground state, but the
ground state (cluster state) of former one needs further local measurements to encode the
desired color code.
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